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l. The modular operators in the finite-dimensional case
* Cyclic and separating vectors for 2l and A’

- SVD theorem = V V¥ € #, one could find out suitable
orthonormal bases {y;} of | and {¢;} of #Z',, which give

¥ = ch|l/fk> Q |py) = ch“@ k)
k k
- A (linear) operator a in 2 acts on ¥ as

@@ DY =) calk k)= ) caylj. k)
k k
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l. The modular operators in the finite-dimensional case

* Cyclic and separating vectors for 2l and A’

- A (linear) operator a in A acts on V¥ as

@@ DY =) calk k)= ) caylj. k)
k k
Adim X\ xdim #, Cim X\ xdimF, — (AC) dim X\ xdim #,

- Yis cyclic = for any dim #; X dim # ', matrix M, equation AC = M
has solution, so C must be full-rank and dim #°; > dim #,.

- Yisseparating = A = 0is the unique solution of equation
AC =0, so C must be full-rank and dim #Z'; < dim #5.
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l. The modular operators in the finite-dimensional case

* Cyclic and separating vectors for 2l and A’

- Wis a cyclic and separating vector of 2 and 2, iff for suitable
orthonormal bases {y;} of #Z'; and {¢;} of #Z,,

¥ = ch|l/fk>® o) = chlk, k)
k

k
and ¢, # O forall k = 1,---,dim #Z'|, and dim 7, = dim #,.

- Or equivalently, C is a non-degenerate diagonal square matrix.
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #
Sy(a® DY) = (a' @ ¥

« Consider n? operators (matrices) alijl, i,j=1,---,n=dim | as a
basis of the algebra %,

a[ij]ll, >=5li|j9 > (a[lj]Tlla >=5jl|iv >)
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #
Sy(a® DY) = (a' @ ¥

« Consider n? operators (matrices) alijl, i,j=1,---,n=dim | as a
basis of the algebra %,
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #
Sy(a® DY) = (a' @ ¥

« Consider n? operators (matrices) alijl, i,j=1,---,n=dim | as a
basis of the algebra %,

Sy((alij] ® DP) = (alij]' @ 1)¥
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #
Sy(a® DY) = (a' @ ¥

« Consider n? operators (matrices) alijl, i,j=1,---,n=dim | as a
basis of the algebra %,
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #
C

S(@@DP) =@ @ DY Sylj, i) = ;f i, )
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» The modular operator Ay, : # — # and modular conjugation
Jy: H = H



FINITE-DIMENSIONAL QUANTUM
SYSTEMS AND SOME LESSONS

l. The modular operators in the finite-dimensional case
» The Tomita operator Sy : # — #
Sp(@@ DY) =@ @ DY  Sylj. i) = ;f i, J)

» The modular operator Ay, : # — # and modular conjugation
Jy: H = H
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» The Tomita operator Sy : # — #
C

S(@@DP) =@ @ DY Sylj, i) = ;f i, )
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» The modular operator Ay, : # — # and modular conjugation
Jy: H = H
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l. The modular operators in the finite-dimensional case
» The Tomita operator Sy : # — #
Sp(@@ DY) =@ @ DY  Sylj. i) = ;f i, J)

» The modular operator Ay, : # — # and modular conjugation
Jy: H = H
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l. The modular operators in the finite-dimensional case

» The Tomita operator Sy : # — #

C

S(@@DP) =@ @ DY Sylj, i) = ;f i, )
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» The modular operator Ay, : # — # and modular conjugation

Jy: H = H
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l. The modular operators in the finite-dimensional case
 Example: two qubits system by a pair of spin-1/2 particle

W, =cosO| 1 1)+e?sind| | |), 0€(0,x/2), = c,=cosb,c =e?sind

Sl T1)Y=111)Seltl)y=ePcotf| L 1), Syl 1)=e€tand| 1] ),
Selll)y=e|11])

Ag| T1)Y=111), Ag| Tl )=cot?O| 1 1), Ag| | 1) =tan*0| | 1),
Aglll)y=111)

Jel 1)Y= 11N Jel tl)=e?| L), Jyldt)=€e?| 1) Jglll)=e"?|] 1)



FINITE-DIMENSIONAL QUANTUM
SYSTEMS AND SOME LESSONS

l. The modular operators in the finite-dimensional case

« The relative operators Sy g, Ay @and Jyq
Syp(@@ DY) =@ @ DD, ¥= ) ¢lk k), =) d,|a a)
k a

« Consider n? operators (matrices) afia], i, = 1,---,n = dim H | as
a basis of the algebra %,

alial |1, £y = 8;la, k) (@lial’ |, v) = 8,10, 1))
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« The relative operators Sy g, Ay @and Jyq
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« The relative operators Sy g, Ay @and Jyq
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« The relative operators Sy g, Ay @and Jyq
Syp(@@ DY) =@ @ DD, ¥= ) ¢lk k), =) d,|a a)
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+ The relative operators Sy e, Ayip and Jyo
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l. The modular operators in the finite-dimensional case

+ The relative operators Sy e, Ayip and Jyo

Syp(@@ DY) =@ @ DD, ¥= ) ¢lk k), =) d,|a a)
k a

. . | dy dg
(B, 11 Syl @)) = G al Swia 1. ) = G al (=11 ) ) =G0, all, )
C Ci
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l. The modular operators in the finite-dimensional case

+ The relative operators Sy e, Ayip and Jyo

Syp(@@ DY) =@ @ DD, ¥= ) ¢lk k), =) d,|a a)
k a
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l. The modular operators in the finite-dimensional case

+ The relative operators Sy e, Ayip and Jyo

Syp(@@ DY) =@ @ DD, ¥= ) ¢lk k), =) d,|a a)
k a

d d,|”
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l. The modular operators in the finite-dimensional case

+ The relative operators Sy e, Ayip and Jyo

d,|° | cd

Agipla, i) =

* One can always pick the phases of |i) and |a) to ensure that the
¢; and the d, are all positive.

» In such a choice of the phases, Jy 4|, i) = |i, a)
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 From pure states to mixed states (inverse of purification)

ENTANGLEMENT
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l. The modular operators in the finite-dimensional case

 From pure states to mixed states
* For normalized states W, ® € 7', Q %>,
QlalP=1 X ld,*=1

» The density matrix p,, = |WY)(¥| is a projective operator (to the
1-dim subspace generated by W) on #

Triop; =1, ,5%2 = p1p, Tank p;, =1
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 Partial trace over #Z°, or #Z 5:
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l. The modular operators in the finite-dimensional case

 From pure states to mixed states

 Partial trace over #Z°, or #Z 5:
Tr 0 = Z(l O], -

 For example, the reduced densrcy matrices

P = Zlcl v (v p2—2|c| A

» They are invertible iff the ¢, are all nonzero.
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l. The modular operators in the finite-dimensional case

 From pure states to mixed states

 Partial trace over #Z°, or #Z 5:
Tr 0 = Z(l O], -

* The reduced density matrlces for ¥ and ®:

P = Zlcl v (v p2—2|c| A

61 = Zldl IAAR 02—2|d| | $2)(]
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 From pure states to mixed states

* Rewriting the modular operator with reduced density matrices:
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l. The modular operators in the finite-dimensional case

 From pure states to mixed states

* Rewriting the modular operator with reduced density matrices:
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l. The modular operators in the finite-dimensional case

 From pure states to mixed states

* Rewriting the modular operator with reduced density matrices:

2
¢

al* . ;I
Ay = Ay Y i )i jl= Y —=1i, )i jl = Y, —w)w] @ lo) g
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FINITE-DIMENSIONAL QUANTUM
SYSTEMS AND SOME LESSONS

l. The modular operators in the finite-dimensional case

 From pure states to mixed states

* Rewriting the relative modular operator with reduced density
matrices:

o EA d, 1>
Ayip = Ayip ) 1o iYa, i| = ) oy |, iYa, i] = ) e |, (| ® |0, ep;]

DN EAR AN I I <2 |da|2|wa><z/7a|> <Z|ci|-2|<oi><¢i|>

A A—]
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FINITE-DIMENSIONAL QUANTUM
SYSTEMS AND SOME LESSONS

l. The modular operators in the finite-dimensional case

* The “representation matrices” of modular operators

* The cyclic and separating vector ¥ and the induced antiunitary
modular conjugation Jy | i, j) = |j, i) gives a special linear
bijective from | to # ,, so they identifies #, with the dual of
the Z ;.
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l. The modular operators in the finite-dimensional case

* The “representation matrices” of modular operators

* The antiunitary modular conjugation

Jyli, j) =1J, 1)

e e o o\ (ILD 12,1 - | 1Y)

== Yoelip=tr || 2 T 1L 122 D
=1 G Gn kll,. S N
:(511 Gy v (1L 1) [2,1) e |n, 1>\:

JoE = iéijlj’ i) = tr 5:12 C 5;:12 |1,: 2) |2,: 2) |’l,: 2)
L,j=1 \Eln Cy, 5nn) \|1, n) |2; ny - |n, n))







